2x2 permanental ideals of hypermatrices 



Julia Porcino and Irena Swanson 

Abstract. We study the structure of ideals generated by some classes of 
2x2 permanents of hypermatrices. This generalizes [9] on 2 x 2 perma- 
nental ideal of generic matrices. We compare the obtained structure to 
O ■ that of the corresponding determinantal ideals in [11]: while the notion 

^ . of t-switchability introduced in [11] plays a role for both permanental 

^1 and determinantal ideals, the permanents require further restrictions, 

which in general increases the number of minimal primes. In the last 
two section we examine a few related classes of permanental ideals. 
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1 Introduction 



■ Determinants are ubiquitous in mathematics; if in the Laplace expansion of a determi- 
r-| . nant we replace all minus signs with plus signs, the result is the permanent of the matrix. 

. The starting motivation for this work is the paper [11] on classes of 2 x 2 determinantal 

ideals of certain hypermatrices that arise in models of conditional independence; here we 
study the analogous 2x2 permanental ideals. 
^ I The computation of determinants can be done in polynomial time because of Gaussian 

^! elimination, whereas the computation of permanents is ^i^-P-complete ([12]). In another 

^ i comparison, the ideal generated by r x r determinants of a generic mx n matrix is a prime 

CN i ideal with many nice properties ( [2] ) , but the ideal generated by 2 x 2 permanents has 

O I ('^) (2) + rn + n minimal components and one embedded component if m, n > 3 ([9]), and 

the structure of ideals generated by 3 x 3 or larger permanents is even more complicated and 
not completely understood ([8]). This paper puts the structure of the 2x2 permanental 
ideals, as described in [9], into more general and new perspective. See Example 5.1 for how 
^ ■ [9] can be viewed in this context. 

■ Conditional independence ideals in algebraic statistics are ideals generated by some 
2x2 determinants of generic hypermatrices. Their structures have been studied recently 
by Fink [4], Herzog-Hibi-Hreinsdottir-Kahle-Rauh [6], Ohtani [10], Swanson-Taylor [11], 
and Ah-Rauh [1]. In this paper we study the structure of ideals J^*^ of analogous 2x2 
permanents of generic hypermatrices that depend on a parameter t (and the size of the 
hypermatrix, of course). The main result is Theorem 7.2 which gives a combinatorial 
desription of all the prime ideals minimal over J<*). Not surprisingly, just as in [9], the 
number of minimal prime ideals is in general larger over these permanental ideals than 
over the corresponding determinantal ideals. We give an explicit set of generators of the 
minimal primes and give their Grobner bases (Theorem 6.5). Section 5 shows many concrete 
examples. 

In Sections 9 and 10 we present the structure of related permanental ideals, those 
generated by certain "diagonal" permanents, and by certan diagonal and slice permanents. 
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Many of the methods in this paper are similar to those in [11], but for permanental 
ideals one has to keep track of the signs, which adds not only notational difficulty but also 
changes many results. In particular, it increases the number of minimal primes significantly. 

This is an extension of the first author's senior thesis at Reed College, 2011, under the 
second author's supervision. 

2 Set-up 

We fix positive integers n and ri, . . . , r^. Let R be the polynomial ring in ri • • - rn 
variables over a field k. The variables will be written with lower case x with n-place 
subscripts, with the ith place in the subscript ranging from 1 through rj. Wc arrange these 
variables into a generic ri x ■ • • x r„ hypcrmatrix that will be fixed throughout. 

Throughout the paper [r] denotes the set {1,2,..., r}. Thus, for example, the ring we 
use is R = k[xa : a e [ri] x • • • x [r^]]. Throughout N = [n] x • • • x [rn]. 

Let L C [nj. For a,b e N define the switch function s(L,a, 6) that switches the 
L-entries of a into b: s(L, a, b) is an element of N whose ith component is 

s(L,a, 6)j 1^^^ otherwise. 

If L = {j}, we simply write s(L, a, 6) = s(j, a,6). For any a and 6 in iV we define 
the distance d between them to be d(a, b) = #{z : ^ bi}. Note that d{a,b) = 
d{s{L, a, b),s{L, b, a)). 

For any subsets K C L C [n] and any t e [n] we define: 

fK,a,b = XaXb — Xs{K,a,h)Xs{K,h,a)-, 
gK,a,b = XaXf, + Xs(K,a,b)Xs{K,b,a), 

Gl,k = {gK,a,b : a,be N, {j : aj ^bj} ^ L}. 

The elements gK,a,b above are (generalized) permanents, and the fK,a,b are (generalized) 
determinants. Whenever K — {i}, we write i instead of {i}, such as fi,a,b, gi,a,b, GL,i- 
When d{a,b) — 2 and 7^ 6^, we call gi^a,b a slice permanent and /i,a,6 a slice deter- 
minant. For any t e [n] we define: 

I^'^ = {ha,b :a,beN, d{a, 6) = 2, i G [t] , a, ^ bi) , 
J^^^ = {gi,a,b ■.a,be N,d{a,b) = 2,i e [t],ai / bi). 

We examine the minimal primes over J^*\ whereas [11] did so for The structure of 
ideals generated by classes of slice permanents turns out to be different from the structure 
of the corresponding ideals generated by slice determinants [11]. A special case of this 
difference was already demonstrated in [9] when n — 2. In order to have J^*^ different from 
we assume throughout that the characteristic of the underlying field is not 2. 
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3 Lemmas for induction arguments 

It is proved in [11] that for a,ai,b e N and i e [n], Xbfi,a,ai - Xa^fi^a,h = 
Xs{i,h,a)fi,aus{i,a,h) " a;s(i,a,ai)/i,s(i,ai,a),&- We prove the almost analogous result for 
permanental ideals: 

Lemma 3.1 For a,ai,b E N and i E [n], 

Xbfi,a,ai ~ Xaifi,a,b — Xs{i,b,a)9i,ai,s{i,a,b) ~ Xs{i,a,ai)9i,s{i,ai,a),b- 

In particular, if a and ai differ only in the jth component, and j ^ i, and hi / (ai)^, tlien 

Xa9i,a\,b Xa\fi,a,b — Xs{i,b,a)9i,ai,s{i,a,b) ^ 

Proof. Just as in [11], the calculation of the first part is straightforward: 

Xbfi ,a,oi fi,a,b ~l~ •^s(i,a,ai)9'i,s(i,ai ,a),6 

= XijXaXai Xi)Xs(^i^a,ai)Xs{i,ai,a) Xa^XaXb + ^^ai ^s(i,a,6)^s(i,6,a) 

~l~ Xs{i,a,a\)Xs{i,a\,a)Xb ~l~ 2^s(i,a,ai)'^s(i,s(i,ai,a),6)'^s(i,6,s(i,ai,a)) 

'^s(j,&,a) (-^ai 3^s(i,a,6) ~l~ •^s(i,a,ai) ''^s(i,ai ,6) ) 
Xs(i,b,a)9i,ai,s{i,a,b) ■ 

If a and ai differ only in the jth position with j ^ i, then fi,a,ai = for aU i, s(i, ai, a) = ai, 
s(i, a, ai) = a, and ai and s{i, a, b) differ at most in the two components i and j, and the 
rest foUows. □ 

The following lemma is via induction an immediate corollary of Lemma 3.1: 

Lemma 3.2 Let i he a positive integer, and let ao, oi, . . . , a^, b E N. Suppose that the ith 
component of b differs from the ith components of ai, . . . , ttk, and that for all j = 1, . . . , k, 
aj-i and aj differ exactly in component Ij ^ i. Then modulo Yl'j=i{^{i,ij},{i})j 

r _ j XaoXa^ ■ • ■ Xa^_j^gi^ak,bj k is odd; 

XaiXa2 ■ ■ 'XakJi,ao,b = i ^ ^ ... 7. f. , if h i'i pvpn- 

-t'Oo'^'ai '^ak — iJi,ak,bi even, 

_ j Xao^ai ■ ■ ■ Xak-ifi,ak,b^ if k is odd; 
Xa.Xa, ■ ■■Xa,9i,ao,b - j ^^^^^^ . . . Xa,_,gi,au,b, if k is CVen. 



In particular, if d{ak,b) = 2 and ak and b differ in positions i and Iq ^ i, then 

jj=oi^{i,lj 



Ei=o('^{i,;j},{i}) contains X a, Xa2 ■ ■■Xa,,fi,ao,bifkisodd, andit contains Xa^Xa^ ■ ■ ■ Xa,,gi,ao,b 



if k is even. Also, if d{ak,b) = 1, then Yl'j=oiG{i,ij},{i}) contains Xa^Xa^ ■ ■■Xa„fi,ao.b ff k 
is even, and it contains Xa^Xa^ • • • Xa,,gi,ao,b if k is odd. □ 



3 



4 Switchable and signed sets 

Just as in [11], we need t-switchability and connectedness: 

Definition 4.1 A subset S of N is t-switchable if for all a,b E S with d{a, b) = 2, and 
all i E [t], we have that s(i, a, b), s(i, 5, a) G S. 

If a set S is t-switchahle, define a,b E S to be connected if there exist Cq — 
a, ci, . . . , Ck-i, Ck — b in S such that for all i, d{ci,Ci^i) — 1. We call cq — 
a, ci, . . . , Cfc_i, Cfc = b as above a path from a to b. We call k the length of the 
path. The smallest length of a path from a to b is called the path length from a to b 
and will be denoted as pig (a, b). We define pis (a, b) to be pig (a, b) — 1. 

Remark 4.2 Clearly connectedness is an equivalence relation. By Lemma 3.5 in [11], 
for any a, b that are connected in some admissible set and for any subset K C [t], 
s{K, a, b),s{K, b, a) are in S and connected to a and b in S. 

For a given a, b that are connected in S, it may happen that there are paths of different 
lengths between them. Furthermore, there can be paths of lengths of different parity 
between them, such as if 5 = [3] x [2] x [2]: (1, 1, 1), (2, 1, 1), (3, 1, 1) and (1, 1, 1), (3, 1, 1) 
are both paths from (1, 1, 1) to (3, 1, 1). 

Proposition 4.3 Let S bea t-switchable set, and let a,b e S be connected with d{a, b) >2 
and tti 7^ bi for some i & [t]. Suppose that there are paths from a to b of different parity. 
Then contains monomials all of whose subscripts are elements of S. 

Proof. Let cq — a,ci, . . . , Ck-i, Ck — b he a path from a to b. Since d{a, b) > 2, it follows 
that k>2. 

Let j be least such that the zth entry of Cj is not a,. Necessarily j > 0. Suppose that 
j < k — 2. By assumption, Cj_i and Cj differ precisely in the ith component. Suppose that 
for all I = j — 1, . . . , k — 1, ci and ci+i differ exactly in the zth component. Then we can cut 
an even number of elements Cj, . . . , Ck-i from the given path to still get a path from a to 6 
with the same parity but such that the designated j is at least k — 1. Now assume otherwise: 
then there exists an integer I > j such that q_i and ci differ in component j ^ i. We choose 
/ to be the smallest such integer. Then the part Cj_i, Cj, . . . , q of the given path can by 
Remark 4.2 be replaced by Cj_i, s(i, q, Cj_i), s(i, q, c^), s(i, q, Cj+i), . . . , s(i, q, q_i) = q, 
which has the same length, and the designated j is increased by 1. By repeating these 
steps we may assume that the ith entries in cq, ci, . . . , 0^-2 all equal a^. 

In particular, 1 < d{ck-2, b) < 2. 

First suppose that d(ck-2,b) = 1. Then Ck-2, Ck-i,b have distinct ith entries, and 
only differ in the ith entries. Since d{a, b) > 2, necessarily k > 2, and so Ck-3 differs from 
Cfc-2, Cfc-i, b in the jth entry for some j ^ i, and differs from Ck-i, b also in the ith entry. 
Then 

^S(i, Cfc-3, Cfe-l) ^s{i,Ck-3,b) 

_^Ck-2 ^s{i,Ck-2,Ck-i) ~ ^a{i,Ck-2,b) — _ 
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is a submatrix of the hypermatrix, and all of its 2 x 2 permanents are in iG{i,j},{i})- Let 
Pu,v be the permanent of columns u,v in the matrix above. Then (G^ijy^^ij) contains 

and as the characteristic is not 2, {G^^jy^^iy) contains a monomial all of whose subscripts 
are in <S'. 

So we may assume that d{ci~-2,b) = 2 for all paths from a to b. Similarly, we may 
assume that if do = a,di, . . . , di = bis a. path from a to 6 with I of different parity from 
k, then the ith components of do,di, . . . , di-2 are all and d{di-2, b) = 2. Say k is even 
and I is odd. Then by Lemma 3.2, Xc^ ■ • • Xck_^gi^a,b, ■ ■ • Xdi_^fi,a,b e Z)j^i(<^{«j},{i})- 
In particular, 

lcm(a;ci • • • Xc^_^ ,Xd^--- Xdi_^){gr,a,h, fi,a,b) ^ ^{G{i^j}^{iy). 

But igi,a,b, fi,a,b) = {xaXb,Xs(i^a,b)Xs{i,b,a)) ^s idcals, SO that contains the 

monomials 

lcm(a;(;j^ • • • Xqi^_2 , Xd^ • • ■ Xdi_2 )^o'^6 3'iid lcm(a:;c]^ • • • 3^cfc_2 1 Xdi ' ' ' •^d;_2 )*^s(i,a,6)'^s(i,6,o) • 

□ 

For our analysis of prime ideals that are minimal over the permanental ideal J^*\ we 
deal with the parity question with the following further restriction on switchable sets: 

Definition 4.4 A t-switchable set S is called t-signed if for every equivalence class Sq 
with respect to the connected property, one of the following conditions is satisfied: 

(1 ) All elements of Sq have the same first t-coordinates; 

(2) Any two elements of Sq differ at most in one component; 

(3) The parity of path length between any two elements in Sq is independent of the path. 

Remark 4.5 Let 5 be a t-signed set and let a,b,c E S he connected and in an equivalence 
class that satisfies property (3) in Definition 4.4. Then for any K C [t], p[g(a,b) and 
plg(s(iir, a, b) , s{K, b, a)) have the same parity because we can make the path from s{K, a, b) 
to s(i^, b, a) pass first from s(K, a, b) to a in #{i E K : ai bi} steps, then to b in pls(a, b) 
steps, and then to s{K, b, a) in ^{i E K : ai bi} steps. Similarly, pl5(a, 6) + plg{b, c) and 
pig (a, c) have the same parity. 

Lemma 4.6 Let S be a t-signed set. Let Sq be an equivalence class in S with respect to 
connectedness. Then either for all i & [t], {a^ : a e Sq} contains at most two elements or 
else for all a,b E Sq, d{a, b) < 1. 

Proof. Suppose for contradiction that there are a, b, a',b',c' e Sq such that for some 
i e [t], the ith components of a'.,b'.,c' are all distinct and such that d{a,b) > 2. Thus 
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^0 fails conditions (1) and (2) in Definition 4.4, so must satisfy (3). But then 
s{i,a,a'),s{i,a,b'),s{i,a,c') and s{i,a,a'),s{i,a,c') are both paths from s{i,a,a') to 
s{i, a, c'), and they have different parities, which contradicts the condition in (3). □ 

One might be tempted to think that for a t-signed equivalence class Sq, if there exists 
i G [t] such that {tti : a & Sq} has two elements, then for all j E [n], {aj : a E Sq} has at 
most 2 elements. This need not be the demonstrated in Example 5.6 (4). 

The following encapsulates and generalizes the fK,a,b and gK,a,b^ and will be used to 
describe generators of prime ideals minimal over J^*^ (details in Remark 4.8): 

Definition 4.7 Let S be t-signed. For any connected a,b & S, and any K C {i e [t] : 
tti / bi}, define 

hs,K,a,b = XaXb - (-l)*^'^'^^'*'''^a;s(^,a,6), ^s(K,6,a)- 

Remeirk 4.8 Suppose that for some L C {z e [t] : 7^ bi}, Xs(^K,a,b)Xs{K,h,a) — 
Xa{L,a,b)Xa{L,b,a)- We provc that then hs,K,a,b = hs^^a,b- If pls{a,b) is even, this is cer- 
tainly true. So we may assume that pl5(a, 6) = plg{a,b) + 1 is even. Without loss of 
generality K ^ L. The assumption Xs(A-,a,b), Xs(K,b,a) = a;s(L,a,b), a;s(L,6,a) is only possible 
if (at+i, . . . , On) = (^t+i, ■ • ■ 5 ^n) or if t = n. In either case, L — {% : ai bi\ \ and 
{i : ttj 7^ bi} C [t], so that by Remark 4.2, pl5(a, 6) — d{a, b) — {i : ai bi}. But pls(o, b) 
is even, so that #L and must have the same parity. Thus hs,K,a,b — hs,L,a,b- 
The following definitions will be applied mostly to t-signed S: 

Definition 4.9 For any subset S of N, define 
Yar^ = [xa : a ^ S), 

Jg'^ — {hs,i,a,b '• a, b are connected in S,i E [t], ai 7^ bi), 

Gg^ = {hs,K,a,b '■ 0-1 b are connected in S,K C. {i e [t] : ai 7^ bi}}. 

Note that t — n and t — n — 1 give the same sets of ideals. Thus in the sequel, and 
especially in Section 6, we mostly talk about t < n. For t-switchable S, the analogous 
determinantal ideals Ig^ = {fi,a,b '■ i & [tljCtjb are connected in S) and P^*^ = Var^*^ + ^ 
were proved to be prime ideals in [11]. Much of what we prove in this paper mimics the 
proofs of [11], but with the added sign difficulty expressed through t-signedness. 

Lemma 4.10 cf C . 

Proof. Let a,b e S and let K C {i e [t] : ai bi}. Write K = {ki,...,ki}. By 
Remark 4.2, s{{ki, . . . , ki-i}, a, b) and s({A;i, . . . , ki-i}, b, a)) are connected, and by Re- 
mark 4.5, pl5(a, b) = pl5(s({A;i, . . . , /si-i}, a, b),s{{ki, . . . , ki-i}, b, a)), so that 

I _ 

hs,K,a,b = X!(-l)^*~^^'^'^^°'^^^S,fci,s({fci,...,fei_i},a,6),s({feiv,fci-i},6,a)- □ 
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Proposition 4.11 Let S be a t-switchable set (not necessarily t-signed). Then 
J<*> C Qf. 

Proof. Let a,b E N with d{a,b) = 2 and 7^ bi for some i G [t]. We need to 
prove that hs,i,a,b G Qs^- If o, 5 G 5*, then by t-switchability of 5", a and b are con- 
nected, so that hs,i,a,b G Jg^ C Q^*^ Similarly, if s(i, a, 6), s(i, 6, a) G S", then hs,i,a,b ~ 
^hs,i,s{i,a,b),s{i,b,a) ^ Qfi^ ^o we may assume that a ^ S and that either s(i, a, 6) or s(i, 5, a) 
is not in S. But then hs,i,a,b ^ Var^*^ C Q^*^ □ 

Definition 4.12 Let S be t-signed. We say that S is maximal t-signed if for all t-signed 
subsets T of N containing S, Q^^ C Q^^ . (So Var^^ contains Var^^, that is why S is called 
maximal.) 

5 Some examples of switchable and signed sets 

To bring the abstract notion of t-switchable sets down to earth, we now examine 
some concrete examples. In Section 7 we characterize more generally all minimal prime 
ideals over J^*'* (they are Q^*^ for maximal t-signed S), but in examples below we simply 
state what the associated prime ideals are. We used Macaulay2 [5] together with Kahle's 
binomial package [7]. 

When the set S has a long name, we write Q^*^(5') instead of Qg^ 
First we provide perspective in light of t-signed sets on the primary decomposition of 
2x2 permanental ideals of generic matrices as first determined without t-signed notion 
in [9]. The main result of [9] was to give the description of the minimal primes over the 
ideal generated by 2 x 2 permanents of a generic ri x r2 matrix in terms of three types 
primes; but by the work in this paper, the three types of primes are all simply the prime 
ideals corresponding to 1-signed sets: 

Example 5.1 Let N — [ri] x [r2], with ri,r2 > 2, which represents an ordinary matrix. 
For t = 1,2, the t-signed subsets of are identical, and they are: all 2 x 2, 1 x r and 
r X 1 submatrices of A^. If ri = r2 = 2, then the only maximal t-signed set is A^. If 
ri — 2 < r2, then the only maximal t-signed sets are 2x2 and 1 x r2 submatrices of N, 
and if ri,r2 > 2, then the t-signed subsets of N are 2 x 2, 1 x r2 and ri x 1 submatrices 
of N. By Theorem 7.2, these maximal t-signed sets correspond precisely to the prime ideals 
minimal over J^*\ and this was first established in [9] without the vocabulary of signed 
sets. There it was also established that when ri,r2 > 2, there is exactly one embedded 
prime, corresponding to the (non-maximal) t-signed set 0. 

Example 5.2 Let iV = [2] x [2] x [2]. Here we will think of iV as a cube. The 1-signed 
subsets of N, together with their corresponding ideals, are as follows: 
(1) N (the whole cube); Q^^^ = jj^^ is generated by four slice permanental and two 
diagonal determinantal generators. 
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(2) 5 is a face of the cube with nonconstant first component; Q^-'^^(face) is generated by 
the permanent of this face and the variables on the opposite face. 

(3) S cannot be a face of the cube perpendicular to the x-axis as that is not even 1- 
switchable; 

(4) S is an edge of the cube: Q^^^(edge) is generated by the variables not on this edge. 

(5) two parallel edges of the cube with non-constant first component that are not on the 
same face, this is an example of a 1-switchable set with two equivalence classes with 
respect to connectedness; Q^^^(two edges) is generated by the variables not on these 
edges. 

(6) a point; Q^^^ (point) is generated by the other 7 variables. 

(7) two points of distance three or two points of distance two with the same first compo- 
nent; Q^^^(two points) is generated by the variables not on these points. 

Note that Qj^^ is contained in Q^^^(face), Q^^^ (point), and Q^^^(two points), and that 
Q<i>(two ed ges) is contained in Q^^^(edge). From this we read that the maximal 1-signed 
sets are: A^, and two edges parallel to the x-axis that are not on the same face. Note 
that there are two options for S being formed by the parallel edges. There are thus three 
maximal signed sets. Macaulay2 [5] says that these Q<*>(5') are all the minimal primes 
(and even all the components). 

Example 5.3 Let = [2] x [2] x [2] as in the previous example. The 2-signed subsets of 
N (which are the same as 3-signed sets), together with their corresponding ideals, are as 
follows: 

(1) N (the whole cube); Q]y = J)^ is (redundantly) generated by one slice permanent 
for each of the six faces, and three diagonal determinants for each of the opposite 
vertices. 

(2) 5 is a face of the cube; Q^^^(face) is generated by the permanent of this face and the 
variables on the opposite face. 

(3) an edge of the cube; Q^^^(edge) is generated by the variables not on this edge. 

(4) a point; Q^^^ (point) is generated by the remaining 7 variables. 

(5) two points of distance three; Q^^^(two points) is generated by the variables not on 
these points. 

Note that the union of two parallel edges that are not on the same face is not 2- 
signed. Here the maximal 2-signed sets are: N, and the two-opposite points. There are 
thus five maximal signed sets, and, indeed, Macaulay2 says that these are all the minimal 
components (and even all the associated primes). 

Example 5.4 With A?" = [3] x [2] x [2], the maximal 1-signed sets are: 
(1) For each k e [3], S is the set of variables whose first coordinate is not A;, so it looks 
like a 2 X 2 X 2-block; ^ is generated by the variables whose first coordinate is k, 
and by the four slice permanents and two diagonal determinants on the block. There 
are three such S. 
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(2) S consists of the variables on two lines parallel to the a;-axis, the lines not lying on 
the same face of the cube; Q^^^ is generated by the variables not on these lines. There 
are two such S. 

Indeed, Macaulay2 gives 3 + 2 minimal primes, but it also gives one embedded prime 
ideal consisting of all variables. While the minimal components are all prime ideals them- 
selves, the embedded component in this case may be taken to be J^^^ + (x^ : a e N). 

Example 5.5 With N = [3] x [2] x [2] as in the previous example, the maximal 2-signed 
sets are: 

(1) For each i e [3], S is the set of variables whose first coordinate is not i; Qg is 
generated by the variables whose first coordinate is i, and by the slice permanents 
and diagonal determinants on the 2 x 2 x 2-block. There are three such 5*. 

(2) 5* is a line parallel to the x-axis; is generated by the 9 variables not in S. There 
are four such S. 

(3) S is the disjoint union of a point and of two points on a line parallel to the a;-axis, 
with all distances between the one point and the other two points being 3; ' is 
generated by the 9 variables not in S. There are 4 • 3 such S. 

Indeed, Macaulay2 gives 3+4+12 = 19 minimal primes, and it also gives one embedded 
prime ideal consisting of all variables. The minimal components are all prime ideals, and 
the embedded component in this case as well may be taken to be J^^^ + (x^ : a e N). 

Example 5.6 With N — [2] x [2] x [3], by symmetry the maximal 2-signed sets and 
primary decomposition are as in Example 5.5. (In contrast, we do not have symmetry for 
1-signed sets.) The maximal 1-signed sets are as follows: 

(1) 5" consists of all variables that do not have a certain third coordinate (so it is a 
2x2x2 subhypermatrix) ; Q^^^ is generated by the variables not in S and by the 
diagonal determinants and the slice permanents of the block. There are 3 such S, one 
for each of the three third coordinates. 

(2) S consists of variables on a face perpendicular to the x-axis; Q^^^ is generated by the 
variables not in S. There are two such S. 

(3) 5 is a disjoint union of a line segment and of a 2 x 2 submatrix on distinct faces 
perpendicular to the y-axis; Q^*^^ is generated by one permanent of the 2 x 2-matrix 
and by all variables not in S. There are 2 • 3 such S. 

(4) S is the complement of the union of two lines parallel to the x-axis, the two lines 
having distinct second and third coordinates. This iS is a non-disjoint union of three 
2x2 submatrices, with one of the submatrices sharing edges with the other two. With 
this visualization, q1!^ is generated by all variables not in S, by one permanent for 
each of the submatrices, by one diagonal determinant on the elements of S for each of 
the two pairs of adjacent 2x2 submatrices, and by one extra diagonal permanent of 
the two disjoint edges of the two 2x2 submatrices. There are 3 • 2 such S. (Note that 
this last S is one equivalence class under connectedness; there are two possible first 
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coordinates for each element, but the third coordinates can take on three different 
values for various first two coordinates.) 

Indeed, Macaulay2 gives 17 = 3 + 2 + 6 + 6 minimal primes, and no embedded primes. 
All the minimal components are prime. 

6 Primes, Grobner bases and similar reductions 

The results here mimic those of [11]. The generators of J^*^ are (monic) binomials 
that are, up to sign of the second coefficient in the binomial, the same as the generators 
of By Lemma 6.2 in [11], every monomial reduces modulo /^*^ to a well-understood 
monomial; thus by the nature of the generators of J^*\ every monomial reduces modulo J^*^ 
to a well-understood monomial times a less well-understood sign. The bulk of this section 
is developing the machinery to keep track of this sign: Lemma 6.2 introduces an absolute 
measure for keeping track of what degree-three binomials are in Jg \ and Lemma 6.3 proves 
that this measure behaves well under any partial switches in one of the two monomials in 
the binomial. The ultimate goal of this section is determining a Gr5bner basis of J^*^ and 
of proving that J^*^ is a prime ideal. 

Throughout this section we use the lexicographic order on the variables, with variables 
sorted in the lexicographic order on their indices. By It we denote the leading term. Also, 
throughout 5 is a t-signed set, and for slight brevity we write pl5(a, 6), hs,K,a,b without "5"' . 

For the purposes of discussion below we introduce the following notion: we enumerate 
in the lexicographic order all possible elements of [rt+i] x ■ • • x [r^], with largest elements 
in the lexicographic order getting the largest numeral. Thus we can think of each element 
a G as a (t + l)-tuple in [ri] x • ■ ■ x [rt] x [rt+i ■ ■ - Tn]-, and in this notation without loss 
of generality t — n — 1 < n. 

Definition 6.1 When we think of a as a {t+ l)-tuple, we denote a as a. 

Lemma 6.2 Let S be a t-signed set, and let a, b, c,A,B,C G S be mutually connected 
such that ttt+i = -^t+i, bt+i = Bt+i, ct+i — Ct+i, and for each i = 1, . . . ,t, the list Ui, bi, Ci 
is up to order the same as the list Ai,Bi, Ci (with same multiplicities) . Define 

Ki = {ie [t] ■.Ai = bii- aj, 

= {i G \t\ ■.Ai = Ci^ a,} \ Ki, 
Ks = {teK,:B,^ a,} U {{i G [t] : ^ b,} \ K,), 
p = #Ki ■ Jl{a, b) + i^K2 ■ pl{^{Ki, a, 6), c) + #i^3 • pl^Ki, b, a), s(i^2, c, a)). 

Then XaXi,Xc — {—IYxaXb^c £ <^5^- 

Proof. Ki and K2 are disjoint by construction, so that s(i^^2, c, a) = s{K2, c, s(Ki^ a, 6)). 
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Note that s{K2,s{Ki,a,b),c) = A, that s{Ks,s{Ki,b,a),c) = B, and that 
s{K3,s{K2,c,s{Ki,a,b)),s(Ki,b,a)) = C. Thus by Lemma 4.10, the following elements 



are m Jg 



XaXb - {-l)*^''^^^''''''>X,(^K„a,b)Xs(K,,b,a), 

■^%{K\,b,a)-^%{K2,c,%{K\,a,b)) \ ^) d^B-'^C- 



It follows that 

X^XbXc - [-l)*^^-'pKo.,h)+#K2-Vl{s{Ki,a,b),c)+ij^Ka.Jl{^^^ 
= (xaXb - {-l)*^''^^^'''^^Xs(K^,a,b)Xs{K^,b,a)) Xc 

^ \ ^) Xs(^Xi,b,a) \ Xs(^j^^ a,b)Xc V XAXs(K2,c,s{Ki,a,b)) J 

+ (^_l^#Ki-fl{a,b)+#K2-pi{s(.Ki,b,a),c) 

■XA {xsiK„b,a)XsiK2,cMK,,a,b)) " (- l)#^3-^(^(^i .^«)>Ki^2,c,s(i^i ,a,6)))^^^^^ 

is in □ 

Note that the order of the pairs (a, A), (6, 5), (c, C) in the lemma above affects the 
number p. For this reason, the proof of the next result requires many subcases, but it leads 
to the eventual fact that the parity of p is independent of the order of the pairs. 

Lemma 6.3 With a, b, c, A, B, C as in Lemma 6.2, we Gx A, B, C, and we allow a, 6, c to 
vary. Thus p is now a function of a, 6, c. Let i e [t], and assume one of the following: 

(1) tti ^ bi, and a' = s(z, a, b), b' = s(z, b, a), c' = c, r = pl{a, b). 

(2) ai ^ Ci, and a' = s{i, a, c), b' = b, c' = s(i, c, a), r = pl{a, c). 

(3) bi 7^ Ci, and a' = a, b' = s(z, b, c), c' = s{i, c, b), r = pl{b, c). 
Then p{a' , 6', c') — p{a, b,c) + r is even. 

Proof By assumption and by Remark 4.2, a, b, c, a', b', c', A, B, C are all in the same 
connected equivalence class. 

To verify the evenness, we need to recall the construction of Lemma 6.2: to get from 
a, 5, c to A, B, C, we first switch i^Ki entries from b into a and then entries from c 
into a to then have the modified a equal to A; the procedure is to choose Ki as large as 
possible, and then K2 follows uniquely. In the third step using Ko,, we switch the necessary 
entries of the new b and the new c to get the modified b equal B, and so necessarily the 
modified c equals C. Let K[.,K2, be the corresponding sets when we start with a', 6', c' 
in place of a,b,c. 

Suppose that a, b, c all differ at most in the ith component. Then all pi in the definitions 
of p{a, b, c) and p{a' , b', c') are 0, and r = 0, so that the lemma holds in this case. So we 
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may assume that at least two of a, b, c differ not just in the ith component but also in 
some other jth component. By Lemma 4.6 a, 6, c, the set {a^, bi, Ci} contains exactly two 
elements. 

Here are a few simplified expressions of p{a, b, c) modulo 2: 
pl{a, b) = pl(a, b) — 1, 

pl{s{Ki, a, b),c) = pl(s(i^i, a, 6), c) - 1 = pl(s(Ki, a, b),a) + pl(a, c) - 1 

= #Ki + pl(a,c)-l, 
pl(s(ii:i, b, a), s(K2, c, a)) = pl(s(Xi, 6, a), s(i(:2, c, a)) - 1 

= pl(s(Ki, 6, a), 6) + pl(6, c) + pl(c, s{K2, c, a)) - 1 

= #i^i+pl(6,c) + #i^2-l, 
p(a, 6, c) = ■ (pl(a, 6) - 1) + #i^2 ■ + pl(a, c) - 1) 

+ #i^3-(#i^i+pl(6,c) + #K2-l), 

and there is a similar expressions for p{a' , b' , c') in terms of K[, K2, K'^. 
We analyze the cases separately. 

(1) As stated, by Lemma 4.6 we have two subcases: Ai = ai ^ bi, and ai ^ bi — Ai. 
In the first subcase, i e K[\Ki, the only change in the construction of A,B,C is that 
K[ = Ki [J {i} (but pl{a',b') = pl{a,b)), whence by Lemma 6.2 and the simplifications 
above, modulo 2, 

p{a', b', c') - p{a, 6, c) + r = i^K[ ■ (pl(a', b') - 1) + i^K'^ ■ + pl(a', c') - 1) 

+ • + pl(6', c') + - 1) 

- i^K^ ■ (pl(a, 6) - 1) - #^2 • + pl(a, c) - 1) 

- #Ks ■ + pl(6, c) + #i^2 - 1) + pl{a, b) 

= (#Ki + 1) • (pl(a, 6) - 1) + #i^2 • + 1 + pl(a', c) - 1) 

+ #i^3 ■ + 1 + pKb', C) + #^2 - 1) 

- ■ (pl(a, 6) - 1) - #i^2 ■ + pl(a, c) - 1) 

- #Ks ■ + pl(6, c) + #^2 - 1) + pl(a, 6) - 1 

= + 1) • (pl(a, 6) - 1) + #i^2 • + pl(a', a) + pl(a, c)) 

+ i^Ks ■ + pl(6', b) + pl(6, c) + #i^2) 

- ■ (pl(a, 6) - 1) - #i^2 • + pl(a, c) - 1) 

- #^3 • + pl(6, c) + #i^2 - 1) + pl(a, b) - 1 
= + 1) • (pl(a, 6) - 1) - #Ki • (pl(a, 6) - 1) + pl(a, b) 
= pl(a, 6) - 1 + pl(a, 

which is even. In the second subcase (a^ ^ bi = Ai), K[ = Ki\ {i} and there are no other 
changes, so that the parity of p{a', b', c') —p{a, b,c) + r in this case is the same as the parity 
in the previous case, namely even. 
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(2) We do some preliminary simplifications modulo 2, using Remark 4.2: 
p{a', b', c') = #Ki • (pl(a', 60 - 1) + • + pl(a', c') - 1) 

+ + pi(5', cO + - 1) 

= . (pl(a', a) + pl(a, b) - 1) + • + pl(a, c) - 1) 

+ • + pl(&, c) + pl(c, c') + - 1) 

= • pl(a, 6) + • + pl(a, c) - 1) + • + pl(&, c) + 

Suppose that i E Ki. Then ai ^ bi — Ai, and by Lemma 4.6, 7^ 6^ = = Cj. 
So = Ki \ {i}. Then z ^ K2,K2, and exactly one of K3,K'^ contains so that 
^K'^ = ^Ks ± 1. Thus 

p{a', b', c') - p{a, b,c)+r^ #K[ ■ pl(a, b) + • {#K[ + pl(a, c) - 1) 

+ #i^^(#i^; + pi(6,c) + #i^^) 

- ■ (pl(a, 6) - 1) - #i^2 • + pl(a, c) - 1) 

- #^3 • + pl(6, c) + #i^2 - 1) + pl(a, c) 
= + 1) • pl(a, b) + #K2 ■ {#K^ + 1 + pl(a, c) - 1) 

+ (#1^3 + 1) • + 1 + pl(&, c) + #K2) 

- • (pl(a, 6) - 1) - #^2 • + pl(a, c) - 1) 

- H^K^ ■ {H^K^ + pl(6, c) + #i^2 - 1) + pl(a, c) - 1 

= pl(a, b) + #i^2 + + 1 + pl(6, c) + #^2 - + pl(a, c) - 1, 

which is even. 

So we may suppose that i ^ Ki, and since p(a', 6', c') —p{a, b,c) +r is even if and only 
if p(o, b, c) — p{a' , b' , d) + r is even, by symmetry of the construction we may assume that 
i ^ K[. Then ai = bi or a, = Ai, and Ci = bi or Cj = A^. If = 6^, then by Lemma 4.6, 
tti = bi ^ Ci = Ai, and necessarily Bi = Ci = ai, so that i e i^2, -f^2 = ^2 \ {«}) -^3 = 
K[ = Ki. In this case, 

p{a', b', c') - p{a, b,c) + r = #K[ ■ pl(a, h) + • + pl(a, c) - 1) 

+ #i^^(#i^(+pl(6,c) + #i^^) 

- • (pl(a, 6) - 1) - #i^2 • + pl(a, c) - 1) 

- #i^3 • + pl(6, c) + #i^2 - 1) + pl(a, c) 
= • pl(a, 5) + (#7^2 - 1) • + pl(a, c) - 1) 

+ #i^3-(#i^i+pl(6,c) + #i^2-l) 

- ■ (pl(a, 6) - 1) - #i^2 • + pl(a, c) - 1) 

- #i^3 ■ + pl(&, c) + #i^2 - 1) + pl(a, c) - 1 
= - pl(a, c) + 1 - #Ki + pl(a, c) - 1, 
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which is even. So we may suppose that 7^ bi, so that = Ai. Since Cj 7^ a^, by 
Lemma 4.6 then Ai = ai ^ bi = Ci. It follows that K[ = Ki, i ^ K2, K'2 = U {i}, 
7^3 = -fCs, so that the p(a', c') — p{a, b,c) + r has the same parity as the one in the case 
tti = bi, which is even. 

(3) We do some preliminary simplifications modulo 2, using Remark 4.2: 

p(a', b', c') = #K[ ■ (pl(a', b') - 1) + ■ i#K[ + pl(a', c') - 1) 

+ #K',-{#K[+p\{b',c')+i^K',-l) 
= #K[ ■ (pl(a, h) + pl(6, 60 - 1) + . + pl(a, c) + pl(c, c') - 1) 

+ #i^^(#i^i+pl(5,c) + #K^-l) 
= ■ pl(a, b) + ■ + pl(a, c)) 

+ #K'^ ■ {#K[ + pl(6, c) + - 1). 

If i & Ki, then 7^ &j = Aj. Since bi ^ Ci, by Lemma 4.6 then Ci = ai ^ bi = Ai, so 
that = Ki \ {z}, i ^ K2, K3, = U {i} and = JTs. Thus here 

p{a', b', c') - p{a, 6, c) + r = #K[ ■ pl(a, b) + ^K'^ ■ i#K[ + pl(a, c)) 

+ + pi(6, c) + - 1) 

- #Ki • (pl(a, 6) - 1) - #^2 • + pl(a, c) - 1) 

- #^3 • + pl(&, c) + #^2 - 1) + c) 
= - 1) • pl(a, b) + {#K2 + 1) • {#K, - 1 + pl(a, c)) 

+ #i^:3 • - 1 + pl(&, c) + #i^2 + 1 - 1) 

- • (pl(a, 6) - 1) - #i^:2 • + pl(a, c) - 1) 

- ij^Ks ■ + pl(6, c) + #K2 - 1) + pl(6, c) - 1 
= -pl(a, 6) + #Ki - 1 + pl(a, c)) - + pl(6, c) - 1, 

which is even. 

So we may assume that i ^ Ki, and since p{a' , b' , c') — p{a, b,c) + r is even if and only 
if p{a, b, c) — p{a' , b' , c') + r is even, by symmetry of the construction we may assume that 
i ^ K[. Then either a^ = bi or a^ = Ai, and either aj = Cj or ai = A^. If ai = A^, then 
i ^ K'2,K2, K[ = Ki, K'2 = K2, and exactly one of K3, K'^ has i, so that H^K'^ = H^K^ ± 1. 
Thus modulo 2: 

p{a', b', c') - p{a, b,c) + r = #K[ ■ pl(a, b) + • + pl(a, c)) 

+ #ir^(#iri+pl(6,c) + #K^-l) 

- #Ki ■ (pl(a, &) - 1) - #^2 • + pl(a, c) - 1) 

- #^3 • (#7^1 + pl(6, c) + #i^2 - 1) + c) 
= • pl(a, 6) + #i^2 • + pl(a, c)) 
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+ {#K^ + 1) • + pl(6, c) + #^2 - 1) 

- ■ (pl(a, 6) - 1) - #i^2 • + pl(a, c) - 1) 

- #i^3 ■ + pl(6, c) + #i^2 - 1) + pl(b, c) - 1 
= #Ki + pl(6, c) + #i^2 - 1 + + #^2 + pl(6, c) - 1, 

which is even. So we may assume that 7^ Aj. Then = 6j = Cj, which contradicts the 
assumption that 6j 7^ Cj. □ 

Proposition 6.4 Let S be a t-signed set, and let a,b,c e S be mutually connected. Then 
all reductions of XaX^Xc in the lexicographic order with respect to Gg^ reduce to the same 
term, and the term is of the form {—1)'^xaXbXc for some integer u, unique up to parity. 

Proof Set G' — {fK,d,e : d,e E S, K C {i e [t] : di ^ ^i}}- This set is reminiscent of 
Gg\ the only difference is that each binomial in G' has the two coefficients 1,-1, whereas 
some binomials in G^'^ have coefficients 1,1 and others have 1,-1. By Theorem 4.5 of 
[11], XaXbXc and all of its reductions with respect to G' reduce to some minimal monomial 
xaXbXc with respect to G' . By the form of G' and Gg\ then with respect to Gg\ XaXbXc 
reduces to {—1)'^xaXbXc for some integer m, and we need to show that up to parity u 
is uniquely determined regardless of what the reduction steps are. In fact, we show that 
u has the same parity as p{a,b,c) from Lemma 6.2. If a = A, b = B, and c = C, then 
p{a, b,c) = and the reduced form and it does not reduce any further, so the 

conclusion holds trivially. 

Now suppose that in the first step of the reduction, we reduce XaX^Xc with respect 
to hL,a,b for some non-empty L C {z e [t] : 7^ Then XaXjjXc is reduced to 

{—l)^^'P''^°''^^Xs(^L^a,b)Xs{L,b,a)Xc- This is a proper reduction, so by induction on the order 
(in the lexicographic order), Xs(L,a.b)Xs{L,a,b)Xc reduces to (—1)p^^^^''^--^''--^''-'^-'''^^''^^xaXbXc- 
Hence via this reduction we have u = p{s(L,a,b),s(L,b,e),c) + #L ■ pl{a,b). Write 
L — {li, . . . , Ik}. Then we have the following modulo 2: 

u — p{a, b, c) = p(s{L, a, b), s(L, b, a), c) — p(a, b, c) + #L • pl{a, b) 

k . 

= ^{pKih, k}, a, b),s{{li, k}, b, a), c) 
i=i ^ 

- P(s({/i, . . . , k-i}: a, 6), s({/i, . . . , 6, a), c) 
+ pl{li, s{{li, k-i}, a, b),s{{li, b, a)) 

which is even by Lemma 6.3. A very similar proof shows the same conclusion if we first 
reduce XaX^Xc with respect to hL,a,c or hL,b,c- n 

Theorem 6.5 Let S be a t-signed set. Then the set Gg'^ is a (non-minimal) Grobner 
basis for Jg^ in the lexicographic order. 
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Proof. A note: "S" in "S-polynomial" below is unrelated to the t-signed set S. 

Since hK,a,b = XaXb - {-l)*^'^^^'^'^^Xg{^K,a,b)Xs{K,h,a) = ±hK,s{K,a,b),s{K,b,a), the ideal 
generated by Gg'^ is the same as the ideal generated by G = {hK,a,b £ Gg'^ : XaX^ > 
Xs{K,a,b)Xs{K,b,a)}- It suffices to prove that G is a Grobner basis. 

We have to prove that for any hK,a,b, hL,c,d e G, the S-polynomial S{hK,a,b,hL,c,d) 
reduces to in the Grobner basis sense with respect to G. 

If XaXh and XcXd have no variables in common, then by standard facts about Grobner 
bases their S-polynomial reduces to 0. So we may assume that a — d. Then a, b, c, d are all 
connected in S. 

Suppose first that in addition b = c. Then S{hK,a,bi hL,b,a) equals 

-(-l)*''-^^"''^^s(K,a,6)a;s(K,6,a) + (-l)*''-^^"''^^s(L,a,6)^s(L,6,a). 

If this is 0, we are done, otherwise, this equals 

= ^{x8{K,a,b)Xs{K,b,a) 

+ (-1)^*^ \ ; *V \ >' ^ >Xs^^L\K)^^K\L),s{K,a,b),s{K,b,a)) 

• Xs{{L\K)U{K\L),siK,b,a),s{K,a,b))) 

= ^h(^L\K)[J{K\L),s{K,a,b),s{K,b,a)), 

which is a scalar multiple of an element in G, 

So we may assume that a — d and 6 / c. Then 

S{hK,a,b, hL,a,c) 

= -{-l)*''-'^'^''''^X,^K,a,b)XsiK,b,a)Xc + {-1)*''-'^'^''''^ Xs^L,a,c)XsiL,c,a)Xb. 

Both {-l)*^'P'-^°"''^Xs(K,a,b)XsiK,b,a)Xc and {~l)*^'^^^°"''^Xs(L,a,c)XsiL,c,a)Xb are reductions 
of XaXbXc, SO that by Proposition 6.4, S-polynomial reduces to with respect to GgK □ 

Theorem 6.6 If S is a t-signed set, then the ideals Jg^ and Q^*^ are prime. 

Proof This proof mimics that of Theorem 6.3 in [11]. By faithfully flatness we may assume 
without loss of generality that the underlying field is algebraically closed. 

Let S = Si Li • • • U Sk he a. partition of 5* into equivalence classes with respect to 
connectedness. Each Si is t-signed. Then J^*^ = DiJg^ and Q^^ = Ylfi^s} + Var^*\ and 
the generators of J^*^\ . . ., J^*\ and Var^^ use disjoint variables. By a well-known fact, it 

suffices to prove that each Jgj^ is a prime ideal. By renaming we now assume that t-signed 
S = Si is one equivalence class under connectedness. 
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Here we quote Lemma 6.2 from [11]: Suppose that ai, . . . ,ar,bi, . . . ,br G S have 
the property that for all i = l,...,t, up to order, the multiset {aii,a2i, ■ ■ ■ ,ari} is 
the same as the multiset {bu, b2i, ■ ■ ■ , bri}, and such that, up to order, the multiset 

<^l,t+27 ■ ■ ■ , (11,71), {0'2,t+l, 0'2,t+2, ■ ■ , «2,n)) ■ ■ ■ , (Or,t+l, 0^,1+2, ■ ■ , «r,n)} IS the Same 
as the multiset {(6l,t+l, 6l,t+2, • • • , ^l,n), (&2,i+l, &2,t+2, • • • , &2,n), • ■ • , ibr,t+l, br,t+2, • • • , br,n)}- 

Then in the lexicographic order, XaiXa2 ■ ■ ■ — Xb-^x^^ ■ ■ ■ x^^ reduces with respect to 
{fK,a,b--KC[t],a,beS} to 0. 

A consequence is that under the conditions in the previous paragraph, either 
^ai • • • ~ ^bi • • • or Xaj^ • • • Xa^ + x^j^ • • • Xf,^ reduccs to with respect to G. 

Suppose that Jg^ is not a prime ideal. Since this is a binomial ideal, by Eisenbud- 
Sturmfels [3] there exists a zerodivisor modulo Jg'^ of the form a — cj3 for some monomials 
a and {3 and some possibly zero coefficient c in the base field. Then there exists / not in 
Jg^ such that {a — cfi) ■ f G Jg\ Without loss of generality we may assume that a, {3, and 
each monomial in / is reduced with respect to G^g . Write / — cimi + C2m2 H — ■ + Ckirik, 
where the Ci are non-zero elements of the underlying field and the are monomials. We 
may assume that mi > for all i and a > /3 in the lexicographic order. Since {a — cl3) ■ f 
reduces to with respect to , ami must reduce with respect to ^ up to sign to the 
same monomial as some other monomial in {a — cf3) • f. If it reduces to the same monomial 
as ami for some i > 1, then by the previous paragraph, mi and reduce up to sign to the 
same monomial, which contradicts the assumption on the monomials in / being reduced. 
Hence ami reduces with respect to Gg"^ to the same monomial as some f^mi^ , and by the 
reduced assumption on a — c/3 necessarily i2 > I and c is not zero. Similarly, ami^ reduces 
to the same monomial as (3mi^, for some is 7^ Z2, and more generally for all s, ami^ reduces 
to the same monomial as ^mi^^^^ for some ig ^ «s+i. Necessarily some %a must equal some 
for s < j. Hence a^~^'^^mi^ • • • mi- reduces to the same monomial as I3^~^'^^mi^ • • • mi- , 
whence again by the previous paragraph, a^~^'^^ reduces to the same monomial as I3^~^'^^ , 
and even a reduces to the same monomial as /3, which is a contradiction. Thus J^*^ is a 
prime ideal. □ 

In particular, is prime in case A?" = [2] x [2] x [2] . We give here an easier proof in this 
special case based on results of [11], but this easier proof does not generalize to arbitrary N. 
Namely, jj^^ = {fi,a,b ■ d{a, b) =3,i e [t]) + {gi,a,b ■ d{a, b) = 2,ie [t],ai 7^ bi). Let Lp : 
R ^ Rhe the ring isomorphism that restricts to the identity map on the underlying field 
and maps Xij^ to —Xijk if i — j = k and to Xijk otherwise. It is straightforward to see 
that (p takes J^^ onto But by [11], /^^ is a prime ideal (for all sizes of N), and since 
isomorphisms map prime ideals to prime ideals, the conclusion follows. 



7 Prime ideals minimal over J^^' 

We prove in this section that the maximal t-signed sets correspond precisely to prime 
ideals minimal over J^*^ . In [11] it was proved that the maximal t-switchable sets correspond 
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precisely to prime ideals minimal over The flow of the proofs resembles those in [11], 
but again, here in addition parity has to be checked and controlled. 

Theorem 7.1 If P is a prime ideal minimal over J<*), thenP = Clf for some maximal 
t-signed set S. 

Proof. Let 5* be the set of all a G [ri] x ■ ■ ■ x [r^] such that Xa ^ P- 

Let a,b E S have d{a,b) = 2 and 7^ bi for some i G [t]. Since P contains J^*^ 
and i G [t], P contains hs,i,a,b = XaXf, - i-iy^'^^'''^^ Xs(i,b,a)Xs(i,a,b)- Since a,b e S, then 
XaXi, ^ P, SO that necessarily Xs(i^b,a)Xs{i,a,b) ^ Pi ^md hence s(z, 6, a), s(i, a, 6) G S. This 
proves that S is i-switchable. 

We next prove that S is t-signed. It suffices to prove that every connected component 
5*0 of S is t-signed. If all elements of 5*0 share the same first t coordinates, or if all elements 
in 5'o only differ in the ith component for some i G [t], then 5'o is t-signed. So we may 
suppose that the distance between some elements a, b of 5'o is at least 2 and that for some 
i G [t], (cj : c G Sq] has more than one element. By Remark 4.2, by possibly replacing 
a by s(i,a, c) for some c G -S'o, we may assume that a and b differ in the ith. component. 
Now let c, e G ^0 be arbitrary. If there are paths from c to e whose lengths have different 
parities, then there are paths from a to 6 via paths from c to e whose lengths have different 
parities. Then by Proposition 4.3, J^*^ and hence P contain monomials whose variables 
have subscripts in S. But P is a prime ideal, so P contains a factor Xc for some c & S, 
which is a contradiction. This proves that 5' is t-signed. 

By Proposition 4.11, J^*^ C Qg\ and by Theorem 6.6, Q^^ is a prime ideal. 

We next prove that Q^*^ C P. By the definition of S, Var^*'* C P. Let hs.i.a,b ^ Js\ 
with i G [t] and a and b connected in S such that ai ^ bi. If d(a, h) = 1, then hs,i,a,h = 0, so 
it is an element of P. So we may assume that d(a, b) > 2. By the definition of connectedness, 
there exist elements cq = a,ci, . . . ,Ck, Ck+i, b & S such that for all j = 1, . . . , k, Cj_i and 
Cj differ only in one position. Without loss of generality d{ck,b) — 2. After omitting any 
repetitions in cq, ci, a), . . . , s(i, Ck+i, a), all the ith components on the list equal a^. By 
Remark 4.2, this list is in S. Note that 2 < d{s(i, Ck, a),b) < 3. If d{s{i, c^, a),b) = 3, 
then we take the list cq, s(i, ci, o), . . . , s(i, Ck+i, a) with redundancies removed, and the last 
element on the list differs from 6 in 2 entries, and if d{s{i, c^, a), 6) = 2, then we take the 
list Co, s(i, ci, a), . . . , s(i, Cfe, a) with redundancies removed. In either case, after renaming 
we have a path a = cq, ci, . . . , with all ith components being and d{ck, b) = 2. Then 
by Lemma 3.2, Xc^ ■ ■ ■ Xc^.hs,i,a,b £ <^^*^ Q and since Xc^ ^ P, it follows that hs,i,a,b £ P, 
as desired. Thus Jg^ C Q^^^ C P. Since Q^*^ is a prime ideal, by minimality of P, Q^^ = P. 

Finally, let T be t-signed and properly containining 5". Then Var^^ C Var^^ and 
so Qy'* 7^ Qg^- By Proposition 4.11, Q^'* contains J^*\ and by Theorem 6.6, Q^^ is a 
prime ideal. This combined with the fact that P = Q^^ is minimal over J^*\ implies that 
Qt^ % Qs^- Therefore Q^^ and Q^^ are incomparable. Thus is a maximal t-signed set. 
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Theorem 7.2 The set of prime ideals minimal over J^*^ equals the set of ideals of the 
form Qg^ as S varies over maximal t-signed sets. 

Proof. Let 5* be a maximal t-signed set. Then by Proposition 4.11 and Theorem 6.6, Q^*^ 
is a prime ideal that contains J^*^ Suppose that P is a prime ideal that is minimal over 
J^*^ and is contained in Q^^ By Theorem 7.1, P = Qj) for some maximal t-signed set T. 
Since Q^^ C Qg\ necessarily Var^^ C Var^^ so that S Q T. But then maximality of S 
forces qJ^ = Q^*^ Thus Q^*^ is a minimal prime ideal of J^*^ Theorem 7.1 proves the 
other direction. □ 



8 Structure of t-signed sets and the radical of J^*^ 

The aim of this section is to establish the structure of t-signed sets in more detail, 
with the bigger goal of then determining the radical of J^*^. However, our description of 
this radical is only indirect. 

Lemma 8.1 For i = 1, . . . ,n, let Si Q [r^]. Suppose that one of the following conditions 
holds: 

(1) \Si\ = ---^\St\^l. 

(2) There exists i such that for all j ^ i, \Sj\ — 1. 

(3) For all i, \S^\ < 2. 

Then S^Si X • • • X Sn is a t-signed set consisting of one equivalence class only. 

Proof. It is clear that S forms one equivalence class. Conditions (1) and (2) above corre- 
spond precisely to conditions (1) and (2) in Definition 4.4. 

Now assume that condition (3) above holds. If a, 6 G S such that rf(a, 5) = 2 and 
i G [t] with ai ^ bi, then s(z, a, 6), s(z, 6, a) G as well, so that S is t-switchable. Any 
path from an arbitrary a to an arbitrary 6 in S* may involve several switches in each of the 
entries, and the parity of the number of switches in the kth entry is 1 if 7^ and 
otherwise. So the parity of each path, namely the parity of the sum of the switches in all 
the components, is uniquely determined. Thus 5* is t-signed. □ 

By Example 5.6 (4), the t-switchable sets can have a form different from the forms 
given in Lemma 8.1 above. 

Lemma 8.2 Let U be a subset of N that is contained in a 2 x 3 submatrix of N with 
entries varying in the i and jth components only. Suppose that U is not contained in a 
2x2 submatrix or in a 1 x 3 submatrix, and that either i or j is in [t] . Then U is not a 
subset of any t-signed set. 

Conversely, if U is not a subset of any t-signed S, then the smallest t-switchable 
set containing U contains a 2 x 3 submatrix of N with entries varying in the i and jth 
components with either i or j in [t] . 



19 



Proof. Suppose that U is a, subset of a t-signed set S. Then since S is t-switchable, by- 
Remark 4.2, the whole 2x3 matrix is in S, and even all its entries are in the same connected 
equivalence class 5'o. So, let a, 6, c G S'o be in a 1 x 3 submatrix. Then a, b, c and a, c are 
both paths from a to 6 in .Sq, but then S is not t-signed, which is a contradiction. The 
proof of the converse is similar. □ 

Definition 8.3 For any finite multiset M of elements of N, define xm = IlaeM ^a- 
(When M is a multiset, xm allows for products of powers of variables, but when M is a 
set, then xm is square- free.) 

Lemma 8.4 Let M be the set of all subsets of N that are not contained in any t-signed 
sets. A monomial xm is in if and only if M e M. 

Proof. By Theorem 7.2, xm G ^J~J^ if and only if for all maximal t-signed S. xm G Q^^ 
which by the structure of these prime ideals holds if and only if for all S, M is not a subset 
of S. This is the same as saying that M G M. □ 

Corollary 8.5 Let be the set of all sets in M with i elements. Then {xm '■ M G 
M) + J<*) ^{xM-.Me M3) + J<*>. 

Proof. For any a,b E N, by Lemma 8.1, {ai,6i} x ■■■ x {an,?>n} is t-signed, so that 
Mo = Ml = M2 = 0. It suffices to prove that {xm ■■ M e M) C {xm ■■ M e M3) + J<*>. 
Let M G M. By Lemma 8.2, the smallest t-switchable set containing M contains a 2 x 3 
submatrix with fixed coordinates i,j such that {i,j} fl [t] 7^ 0. It need not be the case that 
this 2x3 submatrix contains 3 elements of M that do not lie in a 1 x 3 or 2 x 2 submatrix. 
However, let S be the smallest subset of N containing S and such that whenever a,b e S 
with d{a, b) = 2, then s(z, a, b) G S. The assumption is that elements of S fill that 2x3 
submatrix. But generating s(z, a, b),s{i, b, a) from o, b is on the algebraic side the same as 
subtracting multiples of generators of J^*\ which says that after repeatedly subtracting 
from Xm specific elements of J^^\ we get a monomial xm' that has a factor XaXbXc such 
that the smallest t-switchable set containing o, b, c contains that 2x3 submatrix. This 
proves the corollary. □ 

It is not true that {xm '■ M G M) = {xm '■ M G M3). For example, if n = t = 3, 
then M = {(1, 1, 1), (2, 1, 1), (3, 1, 1), (1, 2, 2)} is in M. By Lemma 8.1, the proper subsets 
{(1,1,1), (3, 1,1), (1,2, 2)} {(1,1,1), (2, 1,1), (1,2, 2)} {(1,1,1), (2, 1,1), (3, 1,1)} are not 
in M, and {(2, 1, 1), (3, 1, 1), (1, 2, 2)} is t-signed with exactly two equivalence classes under 
connectedness ({(2, 1, 1), (3, 1, 1)} and {(1, 2, 2)}), and so this last subset of M is also not 
in M. Thus xm ^ {xm' ■ M' G M3). 

Theorem 8.6 Let T be the set of all pairs (M, M') of finite lists of elements of N for which 
there exists an integer v{M, M') such that for all t-signed S, xm - {-1)'"^^''^'^xm' e Q^*^ 
The radical of J<*> is generated by all elements xm - {-I^^^'^'^xm' for {M,M') G T, 
and by all xm for M G M3. 
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Proof. Let J' = {xm- {-I^^^'^'^xm' : (M, M') e T) and J" = {xm : M e M3). Clearly 
J<*) C J'. 

By Theorem 7.2, J' C VJ^, and by Lemma 8.4, J" C VJ<*>". Thus J' + J" C . 

For the other inclusion, first assume that the underlying field is algebraically closed. 
By [3], is generated by binomials and monomials. Let / = xm — cxm' £ vJ^ for 

some finite lists M, M' and some possibly zero scalar c. 

Suppose that xm G vJ^. Then by Lemma 8.4, the set M is in M, so that by 
Corollary 8.5, xm G J^^^ + J" , and either c = or similarly xm' £ J^^^ + J" , whence 

/ e J<*> + J". 

Next assume that xm ^ V J^*^. Thus c is non-zero. By Theorem 7.2, / e Q^*^ 
for all i-signed 5, and for at least one such S, xm ^ Qs^- By the structure of these 
prime ideals, xm — {—^Y^xm' £ Q^^ for some integer ps depending on S. But also 
Xm — cxm' e C Qg\ so that c = ( — l)^''^. Thus by assumption for any i-signed set 

T, XM - i-iy^XM' e ^/J^ C hence / G J'. 

This proves that V J^*) = J' + J" whenever the underlying field is algebraically closed. 

For an arbitrary underlying field, let R' be R tensored with the algebraic closure of 
the field. Then by above, V J^^^R' — (J' + J")R' , which has generators in R, whence by 
faithful flatness of R' over i?, also = J' + J". □ 

If TV = [ri] X [rs], by [9], = J<*> + {xm ■ M e M3). However, for N = 

[2] X [2] X [2] X [2], properly contains J<*> + {xm ■■ M eMs). 

9 Related ideals I: generated by gi^a,b when d{a, b) = 3 
In this section we introduce another notion of distance 

dt{a,b) = #{i e [t] : fej, 

and the set {i e [t] : Oj 7^ 6^} will be denoted as Dt{a, b). 

Definition 9.1 Let t < n and let J^*^ be the ideal generated by gi,a,b with a,b E N such 
that d{a, b) — dt{a, b) — 3 and i e Dt{a, b). 

Lemma 9.2 J^*^ is generated by monomials XaXj, such that d{a^b) = dt{a^b) = 3 and 
i e Dt{a,b). Thus J<*) is a radical ideal. 

Proof. If t < 2, J<*> is the zero ideal, and so is the ideal generated by the non-empty set of 
specified monomials. So we may assume that t > 3. 

Let a,b e N satisfy d{a,b) = dt{a,b) = 3. Let Dt{a,b) = {i,j,k}. Then 
9i,a,b,gj,a,b,9k,a,b are among the generators of J<*>, but gi^a,b - 9j,a,b = x^(^i^a,b}Xs{i,b,a) - 
Xs{j,a,b)Xs(j,b,a), and gk,a,b = Xs(^i^a,b)Xs{i,b,a) + Xs(j,a,b)Xs{j,b,a), SO that as the characteristic 
of the underlying field is not 2, J<*> contains Xs(i,a,b)Xs{i,b,a) and Xs(j,a,b)Xs{j,b,a), whence it 
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also contains XaXi,. This proves one inclusion, and the other is trivial. So J^*^ is generated 
by square-free monomials, so it is a radical ideal. □ 

The following is now immediate: 

Theorem 9.3 Let S be the collection of all subsets S of N such that for any a,b E N 
with d{a, h) — dt{a, b) — 3, at least one of a and h is not in S. Then the prime ideals that 
are minimal over 

j{t) 

are the minimal ideals in {Var^^ : S E S} (see Definition 4.9). □ 
It is clear that when t = 3, the set S consists of sets S containing points no two 

(3) 

of which have distance 3. In order to get the minimal primes, we need Var^ minimal 
possible, so we want 5* maximal possible. 

Example 9.4 If N — [ri] x [r2] x [rs] and t — 3, the minimal prime ideals over 

J(3> 

correspond to the sets 5*, whose geometric descriptions cirG clS followis: 

(1) For i = 1,2,3, S* consists of all elements with a fixed ith coordinate; there are ri + 
^2 + ^3 such sets. 

(2) S consists of four elements in a 2 x 2 x 2 subhypermatrix consisting of one of the 
corners plus its adjacent neighbors; there are ( (2^) (J"^) such subhypermatrices, and 
each one has eight such sets. 

(3) S consists of four elements in a 2 x 2 x 2 subhypermatrix all of whose pairs have 
distance 2; there are (2^) (2^) (2^) such subhypermatrices, and each one has two such 
sets. 

Thus in total there are ri + r2 + + 10(2^) (2^) (2^) such minimal primes. Since J^*^ 
is a radical monomial ideal, it has no embedded primes. 

10 Related ideals II: generated by gi^a,b when d{a,b) = 2,3 
We still use dt{a, b) — ^{i e [t] : Ui ^ bi} and Dt{a, b) — {i e [t] : ai ^ bi}. 

Definition 10.1 Let t < n and let J^*^ he the ideal generated by gi^a,b with a^b e N and 
i e Dt{a, b) such that either d{a, b) = rft(a, 6) = 3 or d{a, b) = 2. 

Theorem 10.2 Let S be the collection of all t-signed subsets S of N (see Definition 4.1) 
such that for any a, 6 e iV, if d{a, b) — dt{a, b) = 3, then at least one of a and b is not in S. 
Then the prime ideals that are minimal over 

j{t) 

are the minimal ideals in {Qg^ : S e S} 

(see Definition 4.9). 

Proof. Let Q^^ be in S. By Proposition 4.11, J^*^ C Q^*\ and by Lemma 9.2 and by the 
dt,d-conditions on S, J<*> C Q^*^ Thus J<*> C Q^*^ By Theorem 6.6, Q^*^ is a prime ideal. 

Note that J<*) = J<*> + J<*>. Let P be a prime ideal minimal over J<*). Let S be the 
set of all a e N such that Xa ^ P- As in the proof of Theorem 7.1, S is t-switchable. Thus 
by Theorem 6.6, Q^^ is a prime ideal, and by Proposition 4.11, Q^^ contains J^^K Since 
P contains J^^\ then at least one of a and b is not in S whenever d{a,b) = dt{a,b) = 3. 
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Again as in the proof of Theorem 7.2, S is i-signed, and J<*> C Q^*^ C P. Thus S e S, and 
qf = p. If qP c qf for some T e S, then by the first paragraph and minimahty of P, 
Q'T ~ Qs^ = P is minimal in S. 

Now assume that Q^^ is minimal in S. By the first paragraph, J^*^ C Q^^ and Q^^ 
is a prime ideal. Let P be a prime ideal that is minimal over J^*^ and is contained in ^ . 
By the already established part, P = Q^^ for some T e S. Since Q^^ C Q^^ then by the 
minimality, Q^^ = Q^^ . □ 

Remark 10.3 We can give a more precise combinatorial description of the sets 5" in the 
theorem above. Let be a connected component of S. Then 5*0 is also in S. Suppose that 
for all a,b E Sq, dt{a, b) < 2. We claim that 5*0 is contained in a subset of in which all 
except some two coordinates in [t] are fixed. If not, there exist a,b,c & Sq such that a and b 
differ in coordinates i and j in [t], a and c differ in coordinates k and I in [t], and k, 1} 
has at least three elements. Since dt{b,c) < 2, necessarily ^{i,j,kj} — 3. Say i = I, so 
that b and c differ in positions j and k. But then b' = s{i, b, a) differs from c in positions 
i,j and k. By Remark 4.2, b',c' = s{{i, j,k},c,b') G 5*0, but dt{c,c') = d(c,c') = 3, which 
contradicts that 5*0 G S. Thus indeed Sq is contained in a subset of N in which all except 
some two coordinates in [t] are fixed. 

Example 10.4 Let t = n = 3 and let 5 G S be such that Q^*^ is minimal over J<*>. Since 
t — n = 3, dt{a, b) = d(a, b) < 3 for all a,b E S. But since G S, d{a, b) ^ 3. Thus for all 
a,b E S, d{a, b) < 2. Since t = 3, by switchability, all elements of S are connected. Thus 
by the remark, there exists k such that all elements of S have the same kth coordinate. 
Let {l,2,3} = {i,i,A;}. 

(1) If also the jth coordinate of all elements of S is fixed, then the minimal Q^^ can only 
be achieved if S is the whole line segment with those fixed jth and kth coordinates. 
There are ri • r2 + ri • rs + r2 • rs such sets. 

(2) Now suppose that S is not contained in a line segment. Since S is t-signed, by 
Lemma 4.6, 5" is contained in a 2 x 2 submatrix parallel to a coordinate plane. To 
achieve a minimal Q^^ 5* then consists of all four points of that submatrix. There 
are ri(^|) (^J*) + ^^2(20 (^2^) + ^^3(20 ( 2O such primes. 

(3) Suppose that = 2. Then a prime ideal Q^*^ of the type as in part (1) strictly 
contains a prime ideal of part (2), so not all S in parts (1) and (2) correspond to 
minimal primes. 

Note that there are no further containments among these prime ideals, so that in total 
there are (n • r2)Sr,>2 + {n ■ rs)Sr,>2 + (r2 • r3)<5.,>2 + n C^^) C^') + r2 (^2^) C^') + rs C^^) (^|) 
minimal primes, where Sc is 1 if condition C is true and is otherwise. 
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